Non-normality can lead to acoustic disturbances transient growth in linearly stable thermoacoustic systems. This can cause small-amplitude disturbances to grow into limit cycle oscillations and the systems become nonlinearly unstable. Such self-excited limit cycle oscillations are detrimental to the land-based gas turbine and aero-engines. In this work, we demonstrate the conventional controllers such as linear quadratic regulator (LQR) fail in eliminating the transient energy growth, which has great potential to trigger thermoacoustic instability. To minimize the acoustic disturbances transient growth, a transient growth controller (TGC) is designed by considering the non-normality effect. The performance of the conventional controllers and TGC is performed and compared in a horizontal thermoacoustic system with Dirichlet boundary conditions and monopole-like actuators implemented. An acoustically compact heat source is confined and modelled as time-lag formulation. The TGC controller is shown to be able to not only stabilize the thermoacoustic system but also minimize the transient energy growth.
INTRODUCTION
In order to increase fuel efficiency and to achieve low NOx emissions, lean premixed pre-vaporized (LPP) combustion technology has been widely applied in land-based gas turbines and aero-engines systems. However, this combustion technology is often associated with self-excited thermoacoustic oscillations, also known as thermoacoustic instabilities [1] [2] [3] [4] [5] [6] [7] [8] . The pressure oscillations may be so intense that they can cause overheating, flame flashback or blow-off, structural damage and costly mission failure [1, 2] .
Generally, thermoacoustic instability is generated by the coupling between unsteady heat release and acoustic fluctuations [3] [4] [5] [6] [7] [8] . To mitigate such thermoacoustic instability, the interaction between unsteady heat release and the acoustic perturbations must somehow be broken [9] [10] [11] [12] [13] [14] [15] . There are two approaches. One is active control [16] [17] [18] [19] [20] [21] [22] [23] [24] , and the other is passive control approach [25] [26] [27] [28] . Passive control techniques [29] [30] [31] [32] [33] involve using acoustic dampers or modifying the combustor geometry or fuel injection system. One of the main advantages of passive control is that it involves low maintenance and high durability due to the lack of movement required once they are in place. Passive control techniques are also impossible to worsen an unstable combustor or to destabilize a stable combustor. However, the hardware modification is generally time-consuming and costly. Moreover, acoustic dampers cannot response to changes in operating conditions due to the absence of a control system. And they are typically only effective over certain frequency ranges. To dampen the low frequency thermoacoustic instability (hundreds of Hertz) at which some of the most detrimental instabilities occur, physically large dampers are required. This is very challenging due to the limited space available in engine systems.
Foregoing discussion indicates that the conventional acoustic dampers are used to dissipate the acoustical energy without utilizing it. Recently several research groups [34] [35] [36] attempted to stabilize unstable thermoacoustic systems by applying some energy conversion devices to minimize self-sustained thermoacoustic oscillations. In this way, the acoustical energy is converted into electricity for energy harnessing purpose [34, 35] . Such study on stabilizing combustion systems by utilizing thermoacoustic oscillations to produce electricity becomes more and more popular. Various energy conversion schemes are developed and used. For example, thermoelectric and piezoelectric power generators are implemented on a Rijke-Zhao thermoacoustic system. Interesting results are obtained. And the energy conversion techniques have potential to be applied to a thermoacoustic system with a diffusion flame confined [37, 38] .
To mitigate thermoacoustic oscillations, closed-loop active control techniques (also known as feedback control) can also be applied [2] . A dynamic actuator such as a loudspeaker is driven by a controller in response to sensors measurements [7] as shown in Fig. 1 . One of the typical feedback controllers is based on a finite (FIR) or infinite impulse response filter (IIR) [7] [8] . The filter's coefficient is optimized by using least mean square algorithm (LMS). It has been shown experimental that implementing a filtered-x LMS algorithm can reduce the pressure oscillations by about 15% in a dump combustor. In practice, it is necessary to monitor the conditions of the combustion system in real-time. When there are small-amplitude perturbations or no limit cycle oscillations, it is not necessary to turn on the actuator.
The non-normality of a thermoacoustic system has received attentions recently. It has been shown that non-normality is due to the presence of unsteady heat release, the complex impedance boundary conditions, mean flow or entropy waves. It has also been shown that in a linearly stable but non-normal system, there can be significant transient energy growth of flow disturbances, which cannot be predicted by classical linear stability theory. If the transient growth rate is large enough, thermoacoustic instability might be triggered. Implementing classical linear controllers might be associated with transient growth. Studies on the non-normality effect on the performance of a pole placement controller [39] and a LQR [40] were conducted. It was shown that the conventional linear controller can lead to the combustion system becoming asymptotically stable. However, it failed in eliminating transient growth. For this, a controller able to minimize transient growth is needed. However, the previous studies did not consider the effect of the mean temperature gradient on eigenfrequencies and mode-shapes by including it in the governing equations, even it greatly affect the dynamics and the system stability behavior. Lack of such investigations partially motivated the present work.
In this work, feedback control of thermoacoustic oscillations transient growth in a Rijke tube with an acoustically compact heat source confined is considered. For this, a simple thermoacoustic model with monopole-like actuators implemented is developed. This is described Sect. 2. System equations are formulated in state-space Fig. 2 . This is a pipe open at both ends with convection flow. The mean flow is assumed to be steady and small compared to the speed of sound. An electrical heater is confined and assumed to be acoustically compact. Thus it is modeled as a thin sheet. Its presence results in the mean temperature T ae , density r ae and speed of sound c ae undergoing a sudden jump.
Subscripts 1 and 2 denote pre-and after-heater regions. Overbar denotes a mean value. Since the acoustic waves are small in amplitude, they are assumed to behave linearly with respect to the mean flow.
The acoustic waves either side of the flame and the heat release fluctuation are related by momentum and a modified heat-driven wave equations across the flame as given as (1) (2) where V represents the acoustic damping, p' and u' are the pressure and velocity fluctuations respectively and γ is the gas constant. Note that if the damping term in Eq. (2) is neglected (i.e. V = 0), it is an inhomogeneous wave equation with unsteady heat release Q s ¢(t) from the heat source and Q c ¢(t) from the actuators [2] . Following the previous works, Q s ¢(t) denotes the unsteady heat release from the heat source. And it is modelled with a modified form of King's law as given as (3) where d w , L w and T w denote the diameter, length and temperature of the heated wire respectively. S corresponds to the cross-sectional area of the combustor. T denotes the time delay, which describes the difference between the time when the oncoming velocity perturbation acts and the time when the corresponding heat release is felt. The time lag is due to the process of surface heat transfer and subsequent thermal diffusion between the heated wire and the surrounding fluid.
Q c ¢(t) denotes the actuation signals and it is modelled as (4)
Here K actuators are used and the subscript k denotes the kth actuator. α ck describes the ratio of the cross-sectional area S ck of the kth actuator to the crosssectional area S of the combustor. v ck describes the monopole-like sound source and it is assumed to be related to acoustic velocity u¢ k and pressure fluctuations p¢ k as shown in Eq.(4). R k and S k are the control parameters. The monopole-like actuators are added to the system in order to modify the acoustic field and make the Rayleigh integral negative. When Q c ¢(t) = 0, the system is corresponding to an open-loop configuration.
Expanding the pressure perturbation as Galerkin series [1] :
Here the function y m (x) is the eigen-solution of the homogeneous wave equation:
Applying the boundary conditions at both acoustically open ends ∂u¢ ⁄ ∂x˜x = 0 = 0 and ∂u¢ ⁄ ∂x˜x = L = 0 yields (7) where
Fig . 3 shows the variation of the basis function y m (x) normalized with its maximum value with respect to axial coordinate x. It can be seen that in the absence of mean temperature gradient, i.e. T 1 /T 2 = 1, the maximum ˜y 1 (x)˜at ω 1 denoted by the blue dot is located exactly at x f /L = 1/2. However, it is found that in the presence of the mean temperature gradient, i.e. T 1 /T 2 > 1, the maximum ˜y 1 (x)˜ at ω 1 denoted by the blue dot is shifted towards the pre-heated open end as denoted by the red dot. Similar shift is observed on the mode shape at ω 2 . This reveals that the mean temperature gradient effect must be included in the thermoacoustic model. Neglecting it might lead to wrong prediction of the eigenmodes frequencies and mode-shapes.
It can be shown with some algebraic manipulation that α m is related to b m in the form ofc 1 tanα m = --c 2 tanb m , which can be used to determine the frequencies of acoustic modes to be excited. Substituting the Galerkin series expanded p¢(x, t) into Eq. (2), multiplying with y m (x) on both sides, and integration from x = 0 to x = L yields where A is a 2N ¥ 2N coefficient matrix as given in Appendix, u is the control input. H is the vector of nonlinear terms, which is assumed to be negligible. When the 
control input is set to zero, i.e. u = 0, the linearized thermoacoustic system can be shown to be non-normal due to the fact that A does not commute with its adjoint, i.e. AA*≠ A*A. The non-normality and transient energy growth analysis of the system can then be done by considering the acoustic energy as defined as (13) This above describes the total acoustical energy E tot (x f ,t) per unit cross-sectional area. Here we assume that the first N eigemodes are involved. E tot (x f ,t) can also be shown to be related to the 2-norm of ||x|| 2 as given as (14) where Q is a 2N ¥ 2N diagonal matrix as given in Appendix.
For a given heater location x f , and specific time t, the maximum acoustical energy growth, optimized over all possible initial perturbations can be shown as (15) Thus the global maximum acoustical energy growth factor over a given period of [0, t] is (16) ||exp(-QAQ -1 t)|| is the 2-norm of the matrix exponential exp(-QAQ -1 t). In order to calculate G max (x f ,t), singular value decomposition method is needed. Detailed information about singular value decomposition method can be found in the previous works [4, 43] .
When G max > 1.0, then acoustical energy is increased for some finite time (known as transient growth), However, when G(t)AE+∞, as time is increased, the thermoacoustic system is linearly unstable. This means that the real parts of the eigenvalues of (-QAQ -1 t) are positive. When G max =1.0, there is no transient energy growth. To achieve unity transient growth, i.e. G max =1.0, the necessary and sufficient condition is to ensure that the rate of total acoustical energy change at any instant of time is non-positive, i.e. (17) This condition for the linearized thermoacoustic system has been shown in mathematics by Whidborne and McKernan [43] to be equivalent to Here B s ⊥ is the left null matrix of B s . The control gain K s = KV can be determined by using a linear -quadratic-regulator (LQR) in the form of u = -Kx. It minimizes the quadratic cost function as given as (21) where W is a symmetric positive-semidefinite weighting matrix and Y is a positivedefinite weighting matrix. The optimal control gain matrix K N ¥ 2N is determined by using MATLAB's lqr function.
DEISGN OF TRANSIENT GROWTH CONTROLLER

RESULTS AND DISCUSSION
The performance of the transient growth controller (TGC) is now evaluated and compared with the conventional linear-quadratic-regulator (LQR) by using the thermoacoustic model developed in Sect. 2. In our simulations, the first 3 eigenmodes i.e. N=3 are chosen to study the long-term stability and transient growth of the thermoacoustic oscillations. The combustor length is set to L=1 m and the heat source is placed inside at x f . As the actuators are not actuated, i.e. Q a ¢(t) = 0, the thermoacoustic system is an open-loop one. Initial disturbances grow quickly into limit cycle oscillations, as shown in Fig. 4 . The frequency spectrum of velocity To gain insight the onset of limit cycle oscillation and the energy exchange between eigenmodes, the frequency specturm analysis of the acoustic velocity perturbations as illustrated in Fig. 5 is conducted over 4 different periods. It can be seen that low frequency oscillations that are initially present in the system decay and high frequency oscillations are triggered and grow. This is most likely due to the fact that sufficient energy is transferred from lower frequency mode to a higher frequency one. The dynamic interaction of these eigenmodes leads to the acoustic velocity to grow and eventually saturated. Thus limit cycle oscillations are produced due to the nonlinear growth, which is indicated by the presence of the harmonics.
The open-loop system non-normality is also studied, as shown in Fig. 6 . It can be seen that transient energy growth factor G(t) keeps increasing. The maximum transient growth G max is infinitely large. This indicates the open-loop system is linearly unstable. However, when LQR controller is implemented and the actuator is actuated, transient energy growth G(t) is increased first and then decreased. The maximum transient growth G max is approximately 1.9. This means that applying the conventional controller is associated with transient growth of flow disturbances present in the system. If the transient growth is large enough, it might trigger limit cycle oscillations. In other words, the LQR controller can mitigate the thermoacoustic oscillations but fails in eliminating the transient growth, which may potentially trigger thermoacoustic oscillations.
The performance of the LQR controller in stabilizing the thermoacoustic system is shown in Fig. 7 . It can be seen that as the actuator is actuated at t=0.95 s, the limit cycle oscillations in terms of velocity and unsteady heat release fluctuations are quickly dampened. The acoustical energy present in the system is also minimized as denoted by the red solid line in Fig. 7(c) . As the designed transient growth controller (TGC) is implemented, the acoustical energy decays more quickly, as shown by the dash line in Fig. 7(c) . The corresponding time evolution of the acoustic velocity and unsteady heat release fluctuations is shown in Fig. 7 The performance of TGC on minimizing transient growth G(t) is shown in Fig. 8 . Compared with LQR controller, TGC can achieve not only mitigate thermoacoustic oscillations as shown in Fig. 7 (a) and (b) but also unity transient growth as denoted by the solid line in Fig. 8 .
The performances of the TGC and LQR controllers are further evaluated in terms of the sound pressure level reduction as shown in Fig. 9 . It can be seen that when actuators are actuated, the maximum sound pressure level in the thermoacoustic system is approximately 140 dB. However, as the LQR controller is implemented, the sound pressure level is reduced by approximately 40 dB. Applying TGC leads to further reduction of the dominant and harmonic peaks. This confirms that TGC can achieve both exponential decay of the acoustical energy and unity maximum transient growth. 
CONCLUSIONS
In a linearly stable but non-normal thermoacoustic system, small-amplitude flow disturbances can undergo transient energy growth. If the transient growth is large enough, thermoacoustic instability might be triggered. Since transient growth is an undesirable phenomenon, its effect needs to be minimized, which is not considered in the design fo conventional feedback controllers. In this work, feedback control of thermoacoustic oscillations transient growth is studied by considering a Rijke-type combustion system with monopole-like actuators applied. Unsteady heat release is modelled in time-lag formulation. Coupling the unsteady heat release model with a Galerkin series expansion of the acoustic waves present enable the time evolution of flow disturbances to be calculate, thus providing a platform on which to elavuate the performances of feedback controllers. It is shown that the thermoacoustic system become asympotically stable, as a LQR controller is implemented. However, it fails in eleminiating acoustic distrubance transient growth. In order to minimize the transient growth, a transient growth controller (TGC) is systematically designed and tested. Comparison is then made between the performance of the LQR controler and that of the TGC one. It is shown that the TGC controller can lead to the acoustical energy being descreased exponentially and unity maximum transient growth. Zhiguo Zhang and Di Guan
